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F100 Fan Stall Flutter Problem Review and Solution

James D. Jeffers [I* and Carl E. Meece Jr.*
Pratt & Whitney Division, United Aircraft Corporation, West Palm Beach, Fla.

An experimental investigation was conducted to examine an airfoil durability problem in the first
fan rotor of the F100 engine. This study incorporated laboratory and simulated engine flight tests,
an empirical correlation of aeroelastic stability parameters from engine test data, and substantia-
tion testing of the redesign. The results of this investigation’s initial testing showed that rotor fail-
ure at high-flight Mach numbers and low altitudes was caused by torsional stall flutter instability.
The results of the empirical correlation indicated that a design free of flutter required a decrease in
both normalized incidence and reduced velocity. Further, the correlation indicated that the flutter
was affected by inlet pressure, a heretofore undocumented phenomenon. The results of the substan-
tiation testing confirmed that the redesign made the rotor flutter-free throughout the entire aircraft
flight envelope. It was concluded that an improved stall flutter analysis was required to ensure sta-
ble fan and compressor rotor designs. It was further concluded that the effect of changes in inlet
pressure level on rotor stability was, in part, the result of the accompanying changes in air density

and steady-state aerodynamic loading.

Nomenclature

= unsteady lift function

= semichord, ft

= unsteady moment function

1 = relative flow angle

min = relative flow angle at minimum loss

f = relative flow angle at minimum loss plus reference loss
= dimensionless bending deflection, in semichords
= bw/U, reduced frequency

KE = kinetic energy, ft-1b
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E:QQ‘Q

M = Mach number

n = number of rotor blades

SLTO = sealevel take off

U = steady fluid velocity relative to blade, fps
w = unsteady work per cycle, ft-1b

« = twist angle, rad (positive nose up)

8 = logarithmic decrement
[4 = phase angle between bending and torsional motions, rad
p = air density, lb-sec?/ft*
w = frequency, rad/sec
Subscripts
aero = aerodynamic
= due to bending
1 = imaginary part
R = real part
tot = total
@ = due to pitch
Superscripts
(—) = amplitude or average over one cycle

1. Introduction

THE F100 engine is a twin-spool, high thrust-to-weight
ratio, turbofan engine developed for the F-15 fighter air-
craft. The fan has three rotating stages, each with part-
span shrouds as shown in Fig. 1. The original first-stage
fan blade, which is located immediately behind a variable
inlet guide vane, has a shroud mounted aft of the airfoil
midchord at approximately 65% span. Airfoil fatigue fail-
ures were discovered in the first rotor after engine testing
at simulated high Mach number flight conditions. The
multiple circular arc series airfoil was designed for high
tip-speed operation, but in the failure region of the flight
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envelope the outer portion of the airfoil experiences sub-
sonic relative Mach numbers and stalled incidences.

Materials laboratory tests showed that the airfoil fail-
ures, a typical example of which is shown in Fig. 2, were
high-cycle fatigue cracks caused by a high amplitude re-
sponse in a predominantly torsional mode of vibration.
Both the nature of the failures and the aerodynamic envi-
ronment of the airfoils at the time of failure indicated the
problem could likely have been the result of stall flutter;
however, predictions and rig testing earlier in the program
had anticipated no aeroelastic problems.

II. Initial Flutter Analysis

The design system used to predict subsonic stall flutter
consisted of a stability boundary that was a function of
two parameters (Fig. 3). One of the parameters is reduced
velocity (V = U/bw), which is the inverse of reduced fre-
quency (k) and an important variable in any stability
analysis. The second is denoted as 817, a normalized inci-
dence parameter defined as:

1)/( min ) (1)

Blf = mm -

The flow angles in this expression are determined from
cascade loss correlations used to generate ‘“loss buckets.”
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Fig. 1 F100fan cross section.
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Fig. 2 F100 first-stage airfoil failure.

Thus, 815 is a measure of the flow angle relative to the
minimum loss angle on the stalled incidence side of the
bucket normalized to aceount for the incidence range of
the airfoil in question. The two-dimensional, bivariate ex-
perience limit was generated by enveloping the available
stall flutter experience expressed in terms of these vari-
ables at a reference span location with a ‘“least stable”
flutter boundary (Fig. 3). Obviously, such a system cannot
entirely account for 1) many of the two-dimensional, aero-
dynamic, or structural parameters important to stability
analyses or 2) the three-dimensional variations of these
parameters. However, the analysis was thought to be con-
servative and had been effective on earlier designs.

Extensive component testing was conducted early in the
development program to evaluate the F100 fan for dura-
bility and performance. The testing included heavily in-
strumented fan rigs that were operated at ambient inlet
conditions in sea level test facilities to determine steady-
state aerodynamic performance and dynamic structural
characteristics for both normal and off-design engine oper-
ating conditions.

During the off-design testing of an F100 fan rig, subson-
ic stall flutter was observed in the first stage at low cor-
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Fig. 3 Torsional stall flutter experience.
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Fig. 4 F100rig stall flutter fan map.

rected rotor speed near surge (Fig. 4). The rotor responded
in a second-coupled vibratory mode at a frequency of 800
Hz (Fig. 5). The first coupled mode is predominantly
bending motion of the blade; the third coupled mode is a
torsional mode with most of the motion occurring in the
airfoil portion above the partspan shroud. The lower fre-
quency responses of the second coupled mode have a rela-
tively high degree of shroud and disk coupling and the air-
foil motion consists primarily of bending. As the second
coupled mode frequency increases, the content of torsional
motion increases until the mode coalesces into the third
coupled, above-shroud-torsion mode. A V vs 31 correla-
tion of the rig stall flutter data tended to substantiate the
conclusion that the empirical boundary formed a conser-
vative design system (Fig. 6). The rig boundary formed a
“nose curve” similar to the correlations of previous Pratt
& Whitney Aircraft flutter data at normalized incidences
higher than those of the experience limit.

The rig flutter boundary was used to predict the stabili-
ty of the first fan rotor for an engine at actual flight con-

ditions. The V vs 817 limit derived from rig testing was
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Fig. 5 F100rig stall flutter resonance diagram.
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Fig. 6 Prediction of first-stage fan blade stability at engine
flight conditions.

believed to be more representative because many of the
variables unaccounted for in the analysis remain un-
changed. Although stalled incidences of the magnitude
experienced in the rig at near surge would not be seen by
the Ist-stage fan blade during normal engine operation,
elevated inlet temperatures were predicted to increase the
region of lst-stage instability (Fig. 6). Increasing inlet
temperature increases airfoil relative velocities (fixed rela-
tive Mach number) and slightly reduces system natural
frequencies for a given operating point. As a result, V in-
creases, which is destabilizing relative to the empirical
boundary. Inlet temperature does not affect 81 signifi-
cantly because all the flow velocities change by approxi-
mately the same proportion resulting in no relative flow
angle change. Inlet pressure level was not expected to af-
fect either V or 81y because the velocity triangles remain
unchanged and the metal angle changes due to pressure
loading were thought to be negligible.

As shown in Fig. 7, the engine was predicted to be free
of stall flutter for normal operation at flight conditions.
The failures experienced in the F100 engine indicated ei-
ther the predictions were in error or stall flutter was not
the problem.

III. Engine Test Program

A test program was begun to solve the problem. An en-
gine was instrumented and installed in the High Mach
Number Test Facility at Pratt & Whitney Aircraft’s Flori-
da Research and Development Center (FRDC). The facili-
ty has the capability to simulate flight inlet conditions up
to and above Mach 3.0 and 70,000 ft altitude. The engine
was installed inside a duct; inlet pressure, temperature,
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Fig. 7 Predicted stall flutter boundary at engine flight con-
ditions on fan map.
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and flow environment were completely controlled using
slave compressors and exhausters (Fig. 8). Pressure and
temperature probes were installed upstream and down-
stream of the fan to measure aerodynamic performance.
Rotating strain gages were applied to selected first-stage
blades to measure the vibratory strain and coupled fre-
quency response of the rotor system. The strain gage lead-
wires were routed to a slipring, which permitted the sig-
nals to be transferred from the rotating spool to the sta-
tionary FM recording equipment.

Airfoil fatigue failures, similar to those found in the en-
gine, were produced in the materials laboratory by excit-
ing the F100 blade in the above-shroud-torsion, 1000-Hz
mode. Figure 9 shows the vibratory strain gage locations
employed in the engine to monitor the maximum strains
expected to be created by the suspected failure mode and
the normal integral order resonant responses. The selec-
tion of these locations was based on previous rig experi-
ence, laboratory tests, and analytical vibratory mode
shape predictions. ‘

An engine test plan was established to investigate the
engine flight envelope in the region in which the failures
occurred. The approach used to define this region is illus-
trated through different formats in Fig. 10. Initially, en-
gine inlet conditions were set at a maximum safe experi-
ence point based on previous endurance testing (point A).
Inlet temperature was then increased to simulate a high
Mach number excursion into the failure region of the en-
velope (point B). Engine scheduling above a certain flight
Mach number results in the fan’s following a low rotor
speed schedule as a function of inlet temperature to en-
sure aircraft inlet stability. This schedule results in a de-
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Fig. 9 Strain gage instrumentation.
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crease in mechanical speed and corrected speed with in-
creasing temperature. Mechanical speed vs total inlet
temperature stability limits are an especially convenient
means of presentation because these parameters can be
accurately measured. They reflect the destabilizing effects
on rotor 1 and can be easily monitored by test conductors
to avoid problem areas. On a fan map, the fan approaches
lower corrected flows and pressure ratios along an operat-
ing line as inlet temperature or flight Mach number is in-
creased. During this Mach number transient, rotor 1 ex-
periences increasingly stalled normalized incidence but
only slightly decreasing reduced velocities, which is a de-
stabilizing trend relative to the empirical stall flutter ex-
perience curve. During testing, inlet temperature was in-
creased until instability was encountered. Flutter onset
was also initiated through speed suppression runs. For the
suppressed speed excursions, safe steady-state points were
set at temperatures well below the flutter region and
speed was decreased to encounter flutter (point C). Speed
was decreased through a modification of the engine con-
trol system that reduced the corrected flow. The fan went
down an operating line similar to the one followed on a
normal high Mach number transient but at higher pres-
sure ratios and constant temperature. As a result, flutter
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Fig. 11 Rig vs engine stall flutter frequency response.

was generally encountered at higher stalled incidences but
lower reduced velocities than on the Mach number tran-
sients.

The F100 engine data determined the first stage dura-
bility problem was in fact the result of an aeroelastic in-
stability that was a function of stalled incidence. The
rotor responded in the above-shroud-torsion mode at a
nonintegral order frequency of approximately 1000 Hz as
predicted by the laboratory tests. The frequency response
was considerably higher than the 800-Hz stall flutter re-
sponse observed in rig testing (Fig. 11). Although labora-
tory investigations had indicated the engine would re-
spond in a different mode than the rig, the mechanism
causing the change was not understood.
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Fig. 13 Inlet pressure vs temperature at flutter inception.

When stall flutter boundaries for the first stage fan
blade were generated from engine data points on a speed
vs inlet temperature plot, a definite stability dependence
on inlet pressure level was observed (Fig. 12). Flutter
onset occurred at a lower fan inlet temperature (lower
flight Mach number) when inlet pressure was increased.
The pressure effect on the onset of flutter observed in the
initial F100 test program was later substantiated in stall
flutter tests of other configurations. Figure 13 shows total
inlet pressure vs total inlet temperature at flutter onset
for four different F100 configurations. The data consis-
tently indicate a decrease in system stability with an in-
crease in inlet pressure.

On a fan map, the F100 fan stall flutter boundaries in-
tersected the normal engine operating line away from the
predicted engine stall flutter boundary for the 800-Hz rig
mode (Fig. 14). A correlation of the engine 1000-Hz stall
flutter boundaries on a V vs 817 plot is shown in Fig. 15.
The F100 rotor 1 flutter was encountered at considerably
lower normalized incidences and reduced velocities than
in previous Pratt & Whitney Aircraft stall flutter experi-
ence.

When rotor 1 was analyzed again at the rig inlet condi-
tions using the engine flutter boundaries, the V vs 8y cor-
relation predicted flutter should have been encountered
on the rig operating line in the 1000-Hz, above-shroud-tor-
sion mode (Fig. 16). This prediction was in direct conflict
with the stability behavior observed in rig testing. As a
result of the engine and rig data correlations, the existing
stall flutter design system was concluded to be inade-
quate. However, the general stability trends established
by previous experience were concluded still to have validi-
ty, i.e., stall flutter stability can be improved by decreas-
ing either reduced velocity or stalled incidence.
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Fig. 14 Stall flutter boundaries on fan map.
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IV. Solution for Torsional Stall Flutter

The solution to the F100 torsional stall flutter problem
was a first-stage blade configuration change. The tip
thickness to chord ratio (¢/b) was increased from 3 to 5%%,
and the shroud was moved from the trailing edge to the
midchord position (Fig. 17). The increased airfoil thick-
ness improved the normalized incidence by improving the
blade’s loss characteristics (Fig. 18). Because the percent-
age of thickness increase varied from shroud to tip, the in-
cidence improvement also varied with span location. For
the airfoil cross section used to illustrate the loss bucket
change, 81y was reduced approximately 30%. The airfoil
thickness increase and the movement of the shroud to the
midchord position also had a stabilizing effect because the
natural frequency of the above-shroud-torsion mode in-
creased. The frequency increased from 1000-1240 Hz caus-
ing a corresponding 20% decrease in reduced velocity. The
forward movement of the partspan shroud to the mid-
chord position was also believed to have a stabilizing ef-
fect based on center-of-twist vs torsional stall flutter sta-
bility studies for isolated airfoils of Rainey and Woods.1-2

The total effect of the blade configuration changes on
the stability of fan rotor 1 was demonstrated in an engine
test similar to those used to define the stall flutter prob-
lem of the original design. Instrumented engine excursions
with the redesigned blade were completed to simulated
maximum flight Mach number (maximum inlet tempera-
ture) at maximum ram inlet pressure without encoun-
tering flutter (Fig. 19). The success of the redesigned
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Fig. 16 Empirical stall flutter reanalysis of F100 rotor 1 at rig
conditions.
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Fig. 17 F100 first-stage fan blade configuration change.

blade is further substantiated by safe flight testing in the
F-15 aircraft up to maximum design Mach number with-
out problems.

V Conclusions and Followup

Two basic facts have become apparent as a result of the
extensive F100 fan stall flutter test program at FRDC: 1)
the existing empirical stall flutter design system could not
reliably predict rotor stability for advanced lightweight,
high performance fan and compressor designs, and 2) total
inlet pressure significantly affects flutter margin.

Shortcomings of Empirical Flutter Prediction Systems

Certain shortcomings of experience-oriented design sys-
tems like the two-dimensional, bi-variate stall flutter cor-
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Fig. 18 Improved loss characteristics of redesigned first-stage
fan blade.
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relation used in the F100 program have long been recog-
nized. The severity of these shortcomings was not realized
until the F100 rotor 1 durability problem was encoun-
tered. An effective flutter design system must account for
many design parameters and the three-dimensional varia-
tions of these parameters, a task virtually impossible to
accomplish with an empirical analysis. The energy meth-
od of investigating flutter instability used by Carta3 offers
an attractive approach to the establishment of a stall flut-
ter design system. The stability of a system of cascaded
airfoils oscillating in uniform steady flow is predicted by
calculating the unsteady aerodynamic work per cycle of
vibration resulting from the unsteady motion. This ap-
proach requires an analytical model to predict the vibra-
tory motion of the blade and a model to generate the un-
steady aerodynamic coefficients necessary to calculate the
unsteady lift and moment responses. The unsteady work
(W) is computed by integrating the product of unsteady
lift and differential displacement and the product of the
unsteady moment and differential twist for one cycle of
oscillation. As shown by Carta, the two-dimensional un-
steady work can be expressed as follows:

W = prb2U %A, B + [(Agg — Bug) sin ©

+ (Ay, + B,,)cos 6]ah + B,0% (2)

A three-dimensional “strip” analysis can be used to cal-
culate the total blade unsteady work (W;,:) by first per-
forming two-dimensional analyses along the blade span
and then integrating from root to tip. A convenient meth-
od of comparing the stability of different linear systems is
to nondimensionalize the unsteady work per cycle as fol-
lows:

Boere = — (W, /4K E) (3

This quantity is the aerodynamic damping. A similar
calculation using the unsteady mechanical work due to
frictional forces and material hysteresis yields the me-
chanical damping. The sum of aerodynamic and mechani-
cal damping is the total system damping. Positive total
system damping implies system stability; negative total
system damping implies an unstable system (flutter).

Analyses to predict the unsteady motion (natural
frequencies and vibratory displacements or mode shapes)
are available. Although several theoretical unstalled, un-
steady aerodynamic models exist,#6 analyses for partially
or fully stalled cascaded airfoils at arbitrary incidence an-
gles do not exist and are apparently beyond the state-of-
the-art. Recent efforts in aeroelasticity at FRDC have
been centered on attempts to modify the theoretical un-
stalled cascade unsteady aerodynamics that are available
to account for high incidences and dynamic stalling.
Available experimental data and theoretical models for
stalled isolated airfoils were used for the modifications to
form a semiempirical stall flutter strip analysis. The abili-
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Fig.20 Predicted pressure effect on cascade geometry.

ty of the system to explain previous stall flutter experi-
ence and provide the basis of a more reliable design sys-
tem is being evaluated. Initial results have been encourag-
ing.

Inlet Pressure Effect

The pressure dependence documented by the F100 en-
gine stall flutter testing cannot fully be explained until an
accurate stall flutter design system exists. However, the
dependence can qualitatively be explained to be the result
of several factors.

For an engine operating at a given inlet temperature,
corrected speed, and corrected flow, inlet pressure affects
only the density term (p) in the unsteady work expression,
Eq. (2). Because density is directly proportional to inlet
pressure, an increase in pressure produces an increase in
the unsteady work and, consequently, the aerodynamic
damping. If the system has positive aerodynamic damp-
ing, increasing inlet pressure is stabilizing. However, if
the aerodynamic damping is negative, increasing inlet
pressure is destabilizing. A system that has negative aero-
dynamic damping can be stable if the positive mechnical
damping is large enough to make the total system damp-
ing positive. This system can be made unstable at the
same operating condition by increasing inlet pressure
until the negative aerodynamic damping overcomes the
positive mechanical damping.

System stability can be affected by the influence of
inlet pressure on cascade geometry. The chordwise pres-
sure distributions created by steady-state aerodynamic
loading can cause airfoil chordwise bending and twist de-
flections that are a direct function of inlet pressure. These
deflections affect leading edge metal angle, camber, and
cascade stagger. As a consequence, normalized incidence
Is not only a function of relative flow angle and Mach
number but also the changes in cascade geometry result-
ing from changes in steady-state aerodynamic loading.

The analysis used to determine the effect of aerodynam-
ic loading on incidence in the design phase of the F100
first stage indicated the effect of inlet pressure was negli-
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Fig. 21 Predicted pressure effect on airfoil stability.

gible. However, this analysis modeled the airfoil as a
beam of rigid cross sections and could not determine the
chordwise bending deflections. A finite element NAS-
TRAN (NASA Structural Analysis) analysis, performed
after the engine tests, predicted the chordwise deflections
resulting from pressure loading to be appreciable. The
changes In leading and trailing edge metal angles found
from each analysis are compared in Fig. 20. The normal-
ized incidence variations predicted for the tip region as a
result of the NASTRAN analysis are the same order of
magnitude as the §1; changes associated with the pressure
induced decreases in stability observed in engine testing
(Fig. 21). Thus, at least a portion of the stability depen-
dence on inlet pressure can be explained by airfoil re-
sponses to steady-state aerodynamic loading.

An increase in inlet pressure can also have a stabilizing
effect by creating an increase in mechanical damping. If
relative motion occurs between the two butting faces of
the partspan shrouds, frictional work will result that is a
function of the normal shroud bearing force generated by
the rotational and aerodynamic untwist loads. The NAS-
TRAN analysis predicted the normal force to increase by
less than 5% for a 14 psi increase in inlet pressure. Be-
cause the majority of the normal force is caused by the
centrifugal loading, the increase in positive mechanical
damping due to increased pressure should be a second-or-
der effect. Therefore, the increase in stability from the
higher shroud loading could not offset the destabilizing
trends caused by the density and normalized incidence
changes associated with an increase in total inlet pressure.

The stability problem encountered by the F100 first-
stage fan rotor has dramatically demonstrated the need
to develop a more comprehensive and reliable subsonic
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stall flutter design system. Such an analysis must proper-
ly account for all the parameters important to aeroelastic
stability before durable rotors can be confidently designed
with minimum weight and performance penalties. Efforts
at Pratt & Whitney Aircraft and the United Aircraft Re-
search Laboratories to provide an accurate and depend-
able design system have recently been intensified. Major
emphasis is being concentrated on developing an energy
method of stability analysis. Attempts to generate the un-
steady stalled cascade aerodynamics for the analysis in-
clude both theoretical investigations and experimental
measurement of unsteady lift and moment in an oscillat-
ing cascade rig. The blade mode shape prediction is also
being improved. NASTRAN is being developed for deter-
mining dynamic chordwise deflection, and shroud models
are being improved to account more accurately for stiff-
ness and boundary conditions (slippage). The ultimate
goal of this work is a system that extends the state-of-
the-art to make stall flutter a problem that can be suc-
cessfully handled during preliminary fan and compressor
design.

F100 FAN STALL FLUTTER PROBLEM 357

References

1Rainey, A. G. “Preliminary Study of Some Factors which Af-
fect the Stall-Flutter Characteristics of Thin Wings,” TN3622, '
March 1956, Langley Aeronautical Lab., Langley Field, Va.,
NACA.

2Woods, L. C., “Aerodynamic Forces on an Oscillating Aerofoil
Fitted With a Spoiler,” Royal Society Proceedings, New South
Wales University of Technology, Ser. A, Vol. 239, 1957, pp.
328-337.

3Carta, F. O., “Coupled Blade-Disc-Shroud Flutter Instabilities
in Turbojet Engine Rotors,” Winter Annual Meeting and Energy
Systems Exposition, American Society of Mechanical Engineers,
Paper 66-WA /GT-6, 1966, pp. 419-426.

4Theodorsen, T., “General Theory of Aerodynamic Instability
and the Mechanism of Flutter,” Rep. 496, 1935, pp. 413-433,
NACA.

5Whitehead, D.S., “Force and Moment Coefficients for Vibra-
tory Airfoils in Cascade,” R. and M. 3254, Feb. 1960, British
Aeronautical Research Council, London.

8Smith, S. N., “Discrete Frequency Sound Generation in Axial
Flow Turbomachines,” Rep. CUED/A-Turbo/TR 29, 1971, Uni-
versity of Cambridge, Cambridge, England.

Engineering Nole

ENGINEERING NOTES are short manuscripts describing new developments or important results of a preliminary nature. These Notes cannot exceed 6 manuscript pages and 3 figures;
a page of text may be substituted for a figure and vice versa. After informal review by the editors, thex may be published within a few months of the date of receipt.  Stvle requirements are
the same as for regular contributions (see inside back cover)

Modeling of Gas Turbine Engine
Compressor Blades For
Vibration Analysis

D. A. Anderson*
Wright-Patterson Air Force Base, Ohio

Introduction

THE vibration analysis of gas turbine engine blades is
done prior to engine buildup to preclude the possibility of
resonance problems in the fundamental modes. Experi-
mental testing is not always feasible especially in the de-
sign phase of development as hardware is either nonexis-
tant or unavailable. Several analytical procedures have
been developed to predict blade frequencies of which the
lumped mass approach and more recently finite element
analysis are the most popular. The engineer has the op-
tion to choose which method will best suit his needs. The
lumped mass approach can give acceptable results using
little computer facilities, but only on a special class of
blades. Finite element theory on the other hand will give
acceptable results on all types of blades, but requires
large computer resources and considerable computer time.
This paper will examine these two methods of vibration
analysis with respect to modeling procedure and validity
of results.

Discussion

Vibration analysis using the lumped mass approach is
severely limited by the nature of the model. The blade is
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modeled using chordwise segments lumped to discrete
points at the center of the segment. Each segment is con-
sidered a point mass and elastic beam with stiffness prop-
erties and segment stagger angle taken as constant be-
tween masses with these values a representative average
of the physical segment. The size of the segments are de-
termined to best simulate the blade by requiring the seg-
ment to have relative constant physical geometry. A Hol-
zer-Myklestad approach was used for eigenvalue extrac-
tion.

Reference 1 describes the analysis procedure in detail.
The idealization this lumped mass approach gives cannot
take into account space irregularities such as camber and
ramp angle because of the two-dimensional limitations of
beam theory. Thus the types of blades analyzed using this
procedure is limited to low camber, high aspect ratio
blades.

NASA Structural Analysis (NASTRAN) program was
used to study the finite element modeling of blades as this
program is coming into rather wide use. All modeling was
done using a four-noded plate element (CQUAD) or a
three noded triangular plate element (CTRIA). These ele-
ments have both inplane and bending stiffnesses that as-
sumes a solid, constant thickness, homogeneous cross sec-
tion. Energy theory applied to a polynomial distribution
of displacement is used for the calculations. Transverse
shear flexibility is included. Reference 2 provides a de-
tailed theoretical discussion of the inverse power method
of eigenvalue extraction used and the finite elements used
in the analysis. Reference 3 describes the analysis proce-
dure for the normal mode analysis.

To determine a correct modeling procedure for each
method of analysis, flat plates with various aspect ratios
were analyzed using an iterative modeling procedure. For
the lumped mass analysis, the plates were modeled with
an increasing number of constant property segments. Fig-
ures 1 and 2 illustrates how the results converge to a natu-
ral frequency using increasing number of segments. This
would indicate the accuracy of the frequencies is a func-
tion of degrees of freedom of the model. This is verified by



